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MOLECULAR WEIGHTS AND MOLECULAR-WEIGHT DISTRIBUTIONS 

FROM ULTRACENTRIFUCATION OF NONiDEAL SOLUTIONS 

Peter J. WAN* and E.T. ADAMS, Jr.** 
Chemistry Department, Texes A&M University, College Station. Texas 77843, USA 

Ultracentrifug&ion. membrane osmometry and capillary viscometry experiments have been performed on two dextran 
samples, which have molecular-weight distributions (MWDs) similar to those of dextrans used as blood plasma extenders. 
The manufacturer reported v&es of Sfn and Mw, determined by end group analysis and by tight scattering, respectively. 
Our vahres of M,, determined by osmometry, and Sfw. caiculated from ultracentrifugal and viscometry experiments. agreed 
quite well with the manufacturer’s results. Good agreement was obtained with values of .Sfw and BE (the kht scattering 
second virial coefficient) obtained from sedimentation equiiibrium experiments at different speeds using sector or nonsector- 
shaped centerpieces. Several ways of obtaining M,, Mz and BLS from sedimentation equilibrium experiments are presented. 
We have also shown how to obtain the speed-dependent term of the sedimentation equilibrium second virial coefficient. 

Both k?u and the speed-dependent nonideal terms could be used to correct the sedimentation equilibrium data, so that 
ideal values of d In c/d&*) or dc/d(r*) cotdd be estimated and used to obtain the LlWDs of the dextran samples. Both 
DoMeUfs and Scholte’s methods were used with the sedimentation equilibrium data. With both methods. unimodal LtWDs 
were encountered, which gave good agreement with the manufacturer’s XIWDs, obtained by a combination of analytical gel 
chromatography and light scattering. Uncorrected sedimentation equilibrium data gave XlWDs quite differcht from the mx~u- 
facturer’s results_ The MWD cakuhted from the differential distriiution of sedimentation coefficients also gave a unimodaI 
hfWD. but this MI, did not give as good agreement with the sedimentation equilibrium results or with the manufacturer’s 
results_ 

1. Introduction 

The ultracentrifuge was introduced to macromolec- 

ular chemists in 1924 by Svedberg and Rinde [2]. Four 

years later Rinde [3] developed methods for obtaining 
a distribution of radii of colloidal gold sols from sedi- 
mentation equilibrium experiments. Subsequent meth- 
ods for obtaining molecular-weight distributions 

* T%is paper is based in part on the disextation submitted by 
Peter J. Wan to the Graduate College of Te.uas A&M Uni- 
versiry in partial fuJ.tXment of the requirements for the de- 
gree of Doctor of Philosophy (December 1973). Present 
Address: Oil Se& Roducts Division, Te.xas Engineering 
Experiment Station. F.E Box 183. College Station, TX 77843. 

** Please address all correspondence regarding this paper to 
Dr_ E-T_ Adams, Jr.. Chemistry Department, Texas A&M 
University. College Station. Texas 77843. Part of this ma- 
terial was presented before the Division of Polymer Chem- 
istry at the 167th National hfeeting of the American Chem- 
ical Society in Los Angel, Cdifomia. Lfarch 30-Aprils, 
1974 Ill. 

(MWDs) of polymeric solutes from sedimentation equi- 
librium experiments were largely based on Rinde’s 
pioneering work [4a,5,6a,71. In 1935 Lansing and 
Kraemer [8] in their historic paper pointed out the 
existence of various average molecular weights, and 
they showed how one might obtain the weight (A&) 
and z @I=) average molecular weights from sedimen- 
tation equilibrium experiments in ideal dilute solu- 
tions. 

Early attempts to evaluate &fw or niz of polymeric 
solutes under nonideal solution conditions were not 
too successful, since the redistribution of the polymeric 
solutes in the centrifugal field produced an added com- 
plication which is not encountered in light scattering 
or osmotic pressure experiments [5,6b,7-141. This 
adverse situation tended to put a pall on studies of poly- 
disperse macromolecules by sedimentation equilibrium 
experiments [14]. The way out of this dilemma was in- 
dicated by the theories cf Fujita [ 15,161 and of 
Osterhoudt and Williams [ 171. Tney have shown how 
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one may evaluate fif,v under nonideal solution condi- 
tioils. Experimental tests of these theories have been 
reported with narrow MWD polymers [ 181 or with a 
blend of two “monodisperse” polymers [lo] _ In both 
cases linear polymers were used. 

Until quite recently most of the methods for ob- 
taining hlWDs of polymers from sedimentation equi- 
librium experiments had two requirements: ultracen- 
trifuze cells having sector-shaped centerpieces had to 
be used, and ideal, dilute solution (theta) conditions 
irad to prevail- We have shown [7] how both of these 

restrictions can be removed, and in this paper we pre- 
sent a test of our ideas. In order to obtain the MWDs 
it is necessary to obtain values of the lcf,v and Ai, of 
the samples, as wzll as the light scattering second virial 
coefficient, B,, and other nonideal terms from sedi- 
mentation equilibrium experiments_ These will be re- 
ported and dealt with in section three of this paper. 
In addition we will report values of &,, the number 
average molecular weight, which was determined by 
membrane osmometry, as well as vaiues of [n], the 
intrinsic viscosity_ The value of s,, the weight average 
sedimentation coefficient, has been determined for 
one of the samples_ We will report on values of A&, 
calculated from [q] or from s,. Since the manufacturer 
(Pharmacia Fine Chemicals) has also measured IM, (by 
light scattering) and AZ, (by end-group analysis) of the 
dextran samples [20], these experiments give us an op- 
portunity tc compare the results obtained by different 
physical techniques on the same materials_ The dextran 
samples used in these experiments are similar in molec- 
ular weight range to clinical dextrans which are used as 

blood plasma extenders and for the treatment of shock 
[21--231. Furthermore, the dextrans are shgbtly 
branched and have a broader MWD than the materials 
used by Albright and Williams [ 181 or by Utiyama, 
Tagata and Kurata [ 19]_ We wG1 also show that the 

method advocated by Albright and Williams [IS] for 
obtaining&f, and B,, can be extended to cells having 
nonsector-shaped centerpieces. A method for obtaining 
the speed-dependence of the sedimentation equilibrium 
second virial coefficient will be shown. 

In section four of this paper we will report on the 
MWDs of the two dextran samples. First we show how 

the nonideal terms obtained in the section three can 
be applied to the basic sedimentation equilibrium 
equation so that the ideal concentration or concentra- 
tion gradient distributions can be estimated. Once this 

is done, one could use any of the methods that have 
been reported for obtaining LMWDS from sedimenta- 
tion equilibrium experiments [l&24--361 _ We have 
chosen to illustrate our procedure with Donnelly’s 
[24,25] and with Scholte’s [26--281 methods. Re- 
sults obtained with sector- or nonsector-shaped center- 
pieces will be reported. Sedimentation velocity experi- 
me& can also be used to obtain MWDs from values of 
gut&,), the differential distribution of sedimentation 
coefticiems [5,6c,23,37.38] ; here we report on the 

MWD of one of the samples using data obtained From 
sedimentation velocity experiments in addition to the 
MWD obtained by sedimentation equilibrium experi- 
ments. We will compare the MWDs obtained by ultra- 
centrifugal methods with those reported by the manu- 
facturer (Pharmacia Fine Chemicals) on these dextran 
samples. 

2. hfaterials and methods 

2.1. Rextran solutions 

The dextran samples used in this work were T-70 
type dextrans, obtained from Pharmacia Fine Chemi- 
cals_ Two different lots were used in these studies_ For 
each lot the manufacturer provided information sheets 
which had plots of the differential and integral MWD; 
their MWDs were determined by analytical gel chroma- 
tography and by light scattering [20,39,40]_ In addi- 
tion these information sheets gave values of [n] , the 
intrinsic viscosity, in aqueous solutions at 2O”C, and 
also the weight (Mw) and number (M,) avetage molec- 
ular weights. Table 1 summarizes the data provided by 
the manufacturer_ Stock solutions of the dextrans (ap- 
proximately 15 g/Q) were prepared by dissolving the 
dextrans in boiled, double distilled water- Other solu- 
tions were prepared by weight dilution of the stock 
solutions_ When not in use, the dextran solutions were 
kept frozen. Intrinsic viscosity measurements on fresh 
and on thawed, stored solutions gave the same result, 
which suggests that freezing did not degrade the samples. 

2.2. Concentration determination and partial specific 
volume 

Concentrations of the dextran solutions were deter- 
mined by differential refractometry [Brice Phoenix Dif- 
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Table 1 
hlanufxturer’s vah~es of [VI, &in and ,lzT, for the dextrzvl 
samples 

Batch No. 

798 1 
683 

M* 6) ‘WW c) 
(d&on) (d&on) 

41000 67500 
39500 69500 
._-___-- 

a) Determined by capWary viscometry of aqueous solutions 
at 2obc. 

b) Determined by end group analyses. 
C) Determined by Ii&t scattering 

ferential Refractometer); the instrument was thermo- 
statted at 25OC. The differential refractometer was 
calibrated with KC1 solutions using the data of Kruis 
[41]. All measurements on the differential refractom- 
eter were carried out at a wavelength (X) of 546 nm, 
the wavelength of visible light ordinarily used in the 
ultracentrifuge. At X = 546 nm, the refractive index 
increment, (an/&),, was taken to be 1.50 X lOA Q/g 
[42a], which was the average of several measuremenfs 

of the refractive index increment. 
Since the ultracentrifuges used in these experiments 

were equipped for Rayleigh and schlieren optics, the 
total solute concentrations, c, were expressed as fringes, 
J. The number of fringes,J, is related to the refractive 
index difference, n - fzo, between the solution and the 
solvent, by [ 13,43,44] 

J = ir(n - n,)/iL 0) 

Several thicknesses of centerpieces, h, are available, 
but the most common size is a 12 mm centerpiece, so 

all fringe concentrations are based on this size center- 
piece. Since 

t1 - !Z(=J = (adk)T +, 

J is related to c by’ 

(2) 

J = il(atljacj, p~/x. (3) 

At 25OC with’k = 546 nm and (&z/&)~~ = 1 SO X 
10m4 Q/g, one obtains (for c in g/Q) 

J = 3.29,c. (4) 

Some experiments were performed with an ultra- 
centrifuge equipped with a hehum-neon laser as an ad- 
ditional light source_ The fringes produced by the red 

laser light (X = 632.8 nm) can be related to the fringes 
produced by the green light (X = 546 nm) isolated 
from the mercury vapor lamp. To do this one chooses 
two radial positions, rI and r2, in the solution column 
of the ultracentrifuge cell and counts the number of 
fringes produced between the hvo radial positions by 
each light source. Doing this the FoIlowing relation 
was obtained: 

J(632.8 nm) = 0.8765 J(546 nm). (5) 

This equation was used to convert the red fringes to 
the equivalent number of green fringes. 

Density measurements were graciously done for us 

Dr. David Cox at the University of Texas in Austin. 
These measurements were carried out at 19,8”C on a 
digital, precision density meter (Anton Paar Model 
DMA 02C). The quantities G and (1 - UpO) were cal- 
culated from the slope of a plot of p vs c, since [45] 

p = p. f (1 - up*) (c~1000). 

Here p0 is the solvent density. From these measure- 
ments we obtained (1 - VpO) = 0.4076 and U = 
0.593 ml/g_ The Polymer Handbook reports a value 
of G = 0.6 ml/g at 20.9”C for aqueous dextran solu- 

tions [42b]. 

Measurements of [TJ] were done by capillary vis- 
cometry (Cannon-Ubbelohde SO) in a thermostatted 
water bath at 20 2 0.02”C. All stock solutions and 
distilled water were filtered through a millipore filter 
(0.45 p pore size). Successive dilutions of the stock 
solutions were made by adding a definite amount of 
distilled water the viscometer- The intrinsic viscosity 
was calculated from the relative viscosity, qr, by the 
relation [46a,47] 

or from the specific viscosity, qIsp, since [46a,47] 

24. Afembrarze osmometgr 

The osmotic pressure measurements of the dextran 



solutions at several different temperatures were car- 
ried out in a high speed, membrane osmometer 
(Melabs Model CShl-2) using cellulose membranes. 
The membranes (Schleicher and Schuell B i9 mem- 
branes) were conditioned by soaking in distilled 
water for at least 12 hours before use. Values of M,, 
the number average molecular weight, and Bos, the 
osmotic pressure second virial coefticient, were ob- 
tained from plots of 10001i/c vs c (in s/Q), since [46b, 

481 

1oooir =RT=RT 
r %a 

(9) 

Here A is the osmotic pressure, R is the gas constant, 
T is the absolute temperature andAf= is the apparent 
number average molecular weight, Plots 

c for 
shown in fig. 1. 

The ultracentrilfuge experiments reported here 
were carried out at 20 i 0. laC for the sedimentation 
velocity experiments and at 25 + O.l”S for the sedi- 
mentation equilibrium experiments on ultracentifuges 

equipped for Rayleigh and schlieren optics. 
Both ultracentrifuges had electronic speed controls; 

rotor temperature (~O.l°C) was obtained from the 
RTIC (resistance temperature indicator and control) 
unit. Most of the Rayleigh and schlieren data were ob- 
tained at 546 nm (the green line of mercury) and pho- 
tographed on Kodak Metallographic or Type II G 
pIates. The photographic patterns were read on a com- 
parator (Nikon Model 6C). Some experiments were ai- 
so performed on a second ultracentrifuge which had 
been modified so that a modulatable, helium-neon 
laser could also be used as a li$t source. The photogra- 
phic data on this ultracentrifuge were recorded on 
Type IV F, 70 mm, spectroscopic film which has a 
polyester base. 

Sedimentation velocity experiments were carried out 
at 60000 RPM. Since most double sector centerpieces 
tended to leak at this speed, these experiments were 
performed in two single sector cells - one celi contain- 
ing the solution and the other containing water to give 
a baseline; the side index on the rotor was used as a 
distance reference. Only schlieren optics could be used 
in this case. 

Sedimentation equilibrium experiments were per- 
formed in two kinds of cells. One cell had double sector 

- .- 
I) 4 6 R 10 I2 

c (cvVl1 

Fig. 1. High speed membrane osmamehy at various temperatures. Plots of lOOOn/C vs c [see eq. @)I for lot 693 are displayed here. 
From the intercept of these plots we can obtain M,,. and from the limiting slope we can get Bos. 
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centerpieces; the other cell had a six-hole multichannel 
equilibrium centerpiece 1491. One side of each center- 
piece was reserved for the soIvent, and the other side 
was reserved for the solution or solutions. In mubi- 
channel equilibrium centerpieces, the most concentra- 
ted solution is placed in the innermost hole and the 
most dilute solution is placed in the outermost hole. 
The ceU filing pracedure advocated by Adams and 
Lewis [5O] was scrupulously followed_ Nc layering oils 
were used. The radiai position of the cell bottom, ?-b, 
was dete~ined from careful me~uremen~ of the 
centerpiece and the assembled cell on the comparator; 
it was also checked by using a weighed amount of water, 
whose volume can be calculated from the density at the 
appropriate temperature, in the cell and photographing 
the schlieren pattern at the operating speed. Since the 
volume of water, rm , the cell thickness and the sector 
angle are known, rb can be calculated_ The time to 
reach ~dimentation equ~ib~um was estimated using 
the method of Van HoIde and Baldwin (51 j;the dif- 
fusion coefficient needed for this estimate was estima- 
ted from values tabulated for dextran solutions in the 
Polymer Handbook [4261. Photographs were taken 
shortly after the rotor reached the desired speed and 
at least six hours later than &he time estimated to reach 
sedimentation equilibrium. Four or more rotor speeds 
(from 4400 to 34000 RTW) were used for each solu- 
tion; successive rotor speeds were separated roughly 
by a factor of 42. The sequence of speeds was to start 
at the lowest desired speed, obtain sedimentation equi- 
librium at that speed, record the Rayleigh and schheren 
patterns, and then proceed to the next higher speed. 
This sequence of events was reported for each succes- 
sive speed. 

3. Average molecufat weights and other physical 
properties of the dentrans 

The resutts of the various experiments are sum- 
marized in table 2 and are discussed individually be- 
low_ Table 2 is organized so that the average molec- 
ular weights are hsted first. The next grouping of the 
data includes the second virial coefticients and other 
nonideal terms, and the final group of data includes 
other quantities such as (n], sw and ii. 

3. I. Iir rfinsic viscosity 

The intrinsic viscosity, fq], was determined from 
the intercepts of the least squares straight line drawn 
through plots of lit Q,/C vs c [see eq. (7)] or from 
plots of P& vs c [see eq. (S)]. For batch 7981 a 
value of [n] = 0.259 dl/g was obtained at 20°C using 
eq. (8); with eq. (7) the value of [n] = 0.260 dllg was 
obtained. The average value of these measurements 
was [n] = 0.260 * 0.00 1 dllg. Using the same proce- 
dures with batch number 693 we obtained an average 
vahxe of [q] = 0.260 f 0.001 difg. The spark-Hou~vink 
[39,4&l equation, 

[rll =a%, 00) 

was used to estimate A\&,. The constants, K = 2.43 X 
10e3 dl/g and LY = 0.41, were taken from Granath’s 
paper [39] ;Granath has studied the MWD and other 
physical properties of some Pharmacia dextrans, in- 
cluding some prepared from the same strain of 
Letrccmmoc tnesettreroides used to produce our 
samples. From these values of K and Q, a value of 
AWW = 6.79 X 104 d&on was obtained for both bat- 
ches. 

3.2. Osnforic pressure 

Osmotic pressure experiments were performed at 
various temperatures in an attempt to find ideal, dilute 
solution conditions, but as fig. 1 shows this was not 
the case. The values of M,, the number average molec- 
ular weights and BOs, the osmotic pressure second 
virial coefficients at the various temperatures, are listed 
in table 3. Table 2 fist the average of the Mn values. 

These experiments were performed only with the 
dextran from Batch No. 798 1. Since the solute sedi- 
mented very slowly, the apparent weight average sedi- 
mentation coefficients, Swat at various concentrations 
were calculated using the method of ‘Webber [sz~. The 
quantity7, which is the square of the radial position 
of the second moment of the moving boundary CUCVC. 
is given by 

\ rm I 
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Some physical properties of the dextran T-70 samples I = 25’C (unless otherwise indicated) 

Roperty Units Lot 7981 Lot 693 Method used 

BSX IO6 

BLSX IO6 

BosX lo6 

BszX lo6 

4 

P 

IS1 
s, 

ii 

dalton 4.30 

d2Icon 6.58 

dalton 6.64 

d&on 6.79 

d&on 6.64 

dalton lL.5 

mole/(g) (fringe) 0.322 
mole Q/g2 1.06 

mole/(g) (fringe) 
mole Q/g* 

mole Q/g” 

0.323 
1.06 

0.354 (20°C) 

mole/(g) (fringe) 0.X0 
mole Q/g* 0.820 

g/(mole) (fringe) 22.8 
Q/mole 74.8 

g/<mole) (fringe) 
Q/mole 

dVl5 O-26 

svedberg 3.70 

ml/g 0.593 - Precision density measurements at 19.8”C 

4.08 

6.81 

6.85 

6.79 

1 I.6 

0.296 
0.974 

0.304 
1.00 

0.934 (WC) 

0.217 
0.712 

15.2 
49.9 

5.02 
16.5 

0.26 

Membrane osmometry 

Sedimentation equilibrium 2) 

Sedimentation equilibrium h) 

Intrinsic viscosity 

Sedimentation velocity &,) 
Sedimentation equilibrium 

Sedimentation equilibrium a) 

Sedimentation equiIibtium b) 

Membrane osmometry 

Sedimentation equilibrium 

Sedimentation equilibrium 

Sedimentation equilibrium 

Capillary viscometry at 2BC 

Sedimentation velocity at 20-C (second 
moment) 

a) Cakuhted using the Albright and Wiis [ 131 method of experiments at different speeds 
b)acuhted from experiments at different speeds using a modification of a method proposed by Fujita [ iSI. 

Table 3 
Values of Mn and 80s at vat-i MC temperatures 

Lat number t M, x 10” SOS X IO6 

ec, (dakon) (mole Q)/g* 

7961 
693 

20 4.30 0.354 
16 3.98 0.326 
20.1 4.24 0.713 
25 4.01 0.934 

Average M,, (4.08 f 0.11) X 10’: for Lot 693 

Here cm is the concentration of solute at the air-solu- 
tion meniscus, whose radial position is rm; cp is the 
solute concentration in the plateau region, the region 

in which the concentration gradient, dcldr, is zero. 
The quantity rp is the radial position in the solution 
column of the ultracentrifuge cell at which the pla- 
teau begins, and r is any radi& position between rm 
and rp- in order to evaluate r2. one has to know co, 
the initial concentration, and the value of c,, which 
is calculated from the equation 1531 

c m =co - (Ur2,) 7 &tc,&)*. 02) 

‘rn 

In addition one must know cp, which is obtained from 

‘P 

‘p “m 
f 

s 
(d&W dJ-- 03) 

rm 
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Values of 7 are calculated at various times, r, and the 
swa are obtained from the slopes of plots of In F vs t, 
since [5,4S] 

In T = s,&. (14) 

Zero time corrections were applied using the method 
proposed by Elias f54]. The values of &.a obtained 
for each solution are plotted against cav to obtain the 
weight average sedimentation coefficient, s, , from the 
intercept, which gives l/s,. Here we used the equation 
CQSI 

’ f%va = (t Is,> f k5cav- (1% 

The quantity ks is a sedimentation coefficient concen- 
tration dependence parameter; the quantity cay is cal- 
culated as Follows: 

c a” = c&$& (16) 

where r$ represents the average value: oF7;it is esti- 
mated by dividing the sum of the v&es of f2 for the 
first and the last pictures used by 2_ Fig_ 2 shows the 
plot of l/s,, us cav; here we obtained sw = 3-72 S at 
20°C in water. Using an equation analogous to the 
Mark-Houwink equation, nameIy, (39,453 

s=KiuE (17) 

I , I 

10 20 3D 

3 (frinqes) 

Fig. 2. Sedimentation velocity experiments. Plots of l/sun vs 
ca,, for lot 7981 are shown here; the experiments were per- 
formed at 20% The intercept of these plots gives l/s, [see 
~l($l. F;om tj~ slope of this plot we obtained k, = 4.185 

es- gni. 

we obtained Mw = 6.69 X 104 dalton. The values of 
K and 01 used here were K = 2.24 X lo-l5 s and 0: = 
0.46; these quantities were calculated From the values 
of so and&i, reported by Granath 1391. 

We will use the basic sedimentation equihbrium 
equation (see appendix A-1) for the correction of non- 
ideal behavior. In order to apply the nonideal correc- 
tions, it is necessary to obtain the hf,,, , fkfz, BLs and 
other nonideal properties of the polymeric sample. To 
do this it is necessary to use average or apparent aver- 
age molecuIar weights over the celi. Conservation of 
mass equations (see refs. [4b,5,6d and 7] for more de- 
tails) are necessary for the evaluation of the concentra- 
tion at any radial position r (rm G f d +,) in the ultra- 
centrifuge cell whenever Rayleigh or schlieren optic2 
are used. The solute concentration, c = c,, at any radial 
position r must be known in order to evaluate h-f,,, ceu 
or d%fw ce~ app. The conservation of mass equations 
used depend on the volume of the centerpiece, which 
in turn depends on the shape of the centerpiece used. 
The equation used For the evaluation of fifz mu or 

Icf.z ceil app also depends on the type of centerpiece 
used. Thus, at this point we will have to use equations 
that are appropriate For the particular type of center- 
piece being used_ 

3.4.1. Sector-shaped centerpieces 
For sector-shaped centerpieces ICr, d app, the ap- 

parent weight average molecular weight over the ceil 
is defined by the familiar equation [4a,S,6a,7,i3.15- 

191 

WC0 = m/Jo = ATx, cd ;Ipp 3 08) 
where 

A = (1 -Up,) o* (4 - r2,)/2R7-, (19) 

Ac=cb -cm, (20) 

and 

Af=J, -J,_ (21) 

The quantity AC is the change in the solute concentra- 
tion between rm and rb, the radial position of the cell 
bottom. This concentration change can also be expres- 
sed in fringe notation as hi. Because of eq. (3), AC/CO 
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= AI/JO; here CO (or JO) Cs the initial solute concentra- 
tion. The quantities making up A have their usual 
meaning: w is the angular velocity of the rotor [W = 
2n(RPM)/60] ; R is the gas constant; T is the absolute 
temperature; the other quantities making up A have 
already been defined. For ideal, dilute solutions 
M w d app is the Mw of the polymeric solute. 

Another average over the cell is the quantity 
M w ceD vol app, which is defined by [4a,7,8,55] 

h C&, = In JbfJm = M, d vol app- Cm 

It has been shown [55] for ideal, dilute solutions that 

%ce~>Wi,,,1 at real speeds; the same arguments 
can be used to show that at real speedshi, ten app > 

4 dell Van app- - =or experiments at several speeds, it 
has been shown that [7,17,181 

where i$ app is defined by [7,17,18] 

“p, a:p = A&( 1 - Brsc@ww - _..), (24) 

0 J. =2&23 
0 J. =3755 

A xi05 
Fi.q. 3a 

2 

0 J, = 4 a9 FRINGES 

D Jr,=945 
P J, =ld21 _ 
9 J. =22.50 
0 J. =2823 

Fig. 3b 

Fig 3. Sedimentation equilibrium experiments at various spuds. Dex~m T-70 Lot 7981. (a) Plots of ar/z, vs n at constant JO; 
these plots are required for tie Albright and iViims [ 181 method. fb) Plots of In (Jb/Jm) vs A at constant& ?ihe limiting slope 
of each plot &es @v app. EZxperiments performed with nonsector-shaped centerpieces are indicated by the half-filed circles. 
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or by 

(2% 

Thus, a plot of liflw app vs c,, has an intercept of 

2.8 

2.6 

2.a 
L7 

s 
Y 2.2 

‘; 

-n. 2.0 
Z 
E 

3 I.9 

1.6 

I.4 
10 20 30 

J, (fringesf 

Fig. 4a 

I/&, and a limiting slope of Ets. Fig. 3a shows plots 
of u/JO vs A for various values of co, and fig. 3b 
shows PI&s of In &/-I, vs A. The limiting sIope of 
either plot is&f’ 
pIots based on ~~~~~~~~~~~~~~~~~~ z: 
and the intercept is l(Mw. The values of BLs anbAfw 
obtained in this way are listed in table 2. Figs. 1 and 
2 of the preliminary communication [ 11 show plots 
corresponding to figs. 3a and 4, respectively, for lot 
7981. 

Fujita [ 15,IBf has developed two methods for es& 
mating BLS from a series of segmentation equ~ib~um 
experiments at one speed, provided A is constant. His 
first method stated that [ f 51 

1 1 
M 

= -+ B’ co, 
w&we Ilflv 

(26) 

where 

=B,& +a’Az)=BLSftxA2. (27) 

Here the i3& are nonideal terms, and fi and & are 
weight fractions of polymeric components i and k, 
whose molecular weights are &fi and &fk, respectively. 
The weight fraction of compoment iQ = i or k) are re- 

3 

1 I I i # , 

0 10 20 30 40 
J. (FRINGES 1 

Fip. 4b 

Fig. 4. Evaluation of .tr, anal 8~. Plots of lf.@wapp vslcI are shown here_ @) ~bii plot is blzed on fig_ 3r (b) This plot is based 
on fig. 3b. The intercept of these plots @es ll.ri, and the slope gives Sm. Values of .Sf w and J3~s for fig. 4a are listed in table 2. 
With filp. 4b we obtained Afw = 6.55 X IO4 d&on and BLS = 0.291 x 10% mole/(g) (kinsee). 
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lated to the original concentrations of i, cy , and to 
the total solute concentration, co, by the .elation 
4 = Cf/CO_ If aLl the B& are the same for each poly- 
meric component, then [ 151 

B’ q BLS (1 i- A2Mz2/12), 

where [7,16,18,19] 

(28) 

(29) 

We have modified Fujita’s second method 1161 SO 

that it states (see appendix A.2 for the derivation) 
that 

1 
M 

z--1-•B*F, 
w cell ape Mw 

where 

F = (Cb + Q/2, (31) 

B* z BLs(’ fA)=B& +12)=BLSffiA2, (32) 

and 

A = (A’Mw2J12) [(lti,/Mw)2 - (M&t&)] = fl’A2. 

(33) 

It should be emphasized that M, _a spp, defined by 
eq. (18), has to be used with both of the Fujita meth- 
ods [ 15, Ld]. These methods have been criticized since 
they reqrire a prior knowledge or an estimate ofi2fz, 
if one expects to estimate hfw and Bs from a series 
of experiments at constant A. It should be noted that 
Deonier and Williams i56] have shown for sector- 
shaped centerpieces that 5 is approximated by 

F = co 11 + (A%fr2/12)]. 

So, if the Fujita assumption [15,16] that all the B;k 
are equal, then the B’co term in eq. (26) canbe re- 
placed by 5 &?, which would make eq. (26) essentially 
the same as eq. (30). It is evident from eqs. (26) and 
(27) that at constant A, the limiting slope of a plot of 

‘IMw app vs co is B’. So, if values of B’ are available 
from experiments performed at different speeds (sev- 
eral values of A2), a plot of B’ vs A* would have a 
slope of or and an intercept of BLS. Both BL~ and aA 
can be used For the correction of the sedimentation 

equilibrium equation (see section 4) so that the MwDs 
can be obtained from nonideal solutions. Fig. Sa shows 
a plot of l@J/J(r) vsJo for various values of A; the 
slope of this plot is B’/A. Fig. 5b shows a plot of 
l/(U!J,) vs 1 for various values of A; the slope of 
this plot [see eq. (29)] is i?*fh. Fig. 6a and 6b show 
plots of B’ vs A2 and B * vs A2, respectively. The 
values of B’, B*, o(, fl and B, obtained by these meth- 
ods are listed in table 2. 

It is evident from both of the Fujita methods [IS, 
161, that at low speeds the values of Br or B* can be 
calculated from two series of experiments. The values 
of B’ or B’ obtained at two different values of A2 can 
be set up as simultaneous equations, which can be used 
to estimate B, and also a and fl. We have tested this 
idea using data obtained from experiments performed 
at three speeds; the results are tabulated in table 4. It 
appears from these data that good estimates of BE 
can be obtained in this way, but it is also apparent 
from this table that as the speed increases, the values 
of M, become smaller, presumably due to complica- 
tions arising from the redistribution of the polymeric 
components. 

Values of M, have also been calculated for these 
materials. There are two relatively simple ways to ob- 

tain K? apP, the apparent values of Mr. The first way 
is to use the more familiar equation, namely i4a,5,6a,’ 
7,45,55] 

where A = (1 - Vp)w2/2RT. The other quantity which 
can be calculated is M ZceIIvolapp’ which 1s defined by 
[4a,7,13,551 

For an ideal, dilute solution hf, oen app is the hfz of the 
polymeric solute. At real speeds with ideal, dilute ~olu- 
tions it has been shown tharMz,n>M..cen vol [55]. 
Similar arguments can he used to show thatMz d aep > 

bfz ceil vol app- It can be shown, using procedures simi- 
lar to those used by Fujita [IS] in his derivation for 

B,,, that 
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Fig. %EvaLuation of B’ andB*.(a) PIotbased on the fist 
Fujita [ lS] method; the slape of this piot is B’/A. (b) Plot 
based on the second Fujita [ I6 1 me&ad; the slope is $[A. 
Dextran T-70 Lot693. 

As A + 0, one notes that 

Table 4 
Estimation of Mw, Bs and L* from experiments at three 
speeds using Fuji&s [ 151 first method 

A_ Values of Xf, 

Rotor speed asf,X IO? (d&on) 

fw?F;r) Lat 7981 Lot 693 
-- _-.- ~_____________._ 

$400 6.59 6.71 
6000 6.55 6.5 1 
8000 6.X 6.43 

- _I__._- -._- - 

8, Values of BLS and a 

Lot number Speed combination BJ_SX lo6 ax lo-* 
(RPM) (mok P/g') (2lmole) 

^_-_______ __-_-_____ 

7981 4400%6OOU 1.06 0.801 
6~~~&80~# 1.08 0.548 

693 44OO&ix.w 0.922 0.965 
6~00~~000 O.WY 2.05 
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a, Ihe dashed line intersecting this plot indicates the ptot one would expect if all the B& were equaL c6) Values of B* obtained 
from fig Sb were plotted against A*, so that fl could be obtained from the slope of this plot. 
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Fig. 7. Evaluation ofMz and 8s~. The limiting slope of plots of l/Se app vs /Q is Bsz, and the intercept of each plot is l/&. 
Second order regression analysis was used to obtain the values of l/M= and Bsz. (A) Lot 693. (E) Lot 7981. 



A piut af f/&e app vs CQ [see eq. (36)J will have a 
slope of BSz and an intercept of Ij&fz. Fig. 7 shows 
a plot of 1/M$? app vs co based on our measurements; 
the vahres of rCfz and BSz that we obtained using eq. 
(34) are listed in table 2_ It is also evident from eq. 
(36) that a plot of l/I+& ceg spP vs f\’ at constant co 
will have a slape of BSZ y and an intercept of 

~@%ell a@? = (I&) + BSzco. 

It is also possible to obtain M,, &f* i%fz &, or their 
apparent values from experiments performed using 
ultracentrifuge cells with nonsector-shaped eenter- 
pieces. In ideal, dilute solutions &,, rrn is defmed by 

rm 

Eiere, 

(4t3.I 

(411 

becomes M and M becomes M , so that 
eqs. (40) ~~(~~) defm%f\v en app c$#~:,, Wp, 
respectively. The quantity M,v Cen 3pp can be expres- 
sed as 

Eq. (43) is easily obtained when one starts with eq. 
(A-5) in the appendix, which is identical with the 
Albright and ~V~liams f 181 eq. (3). Rearrangement af 
eq. (43) leads ta 

where 

&fW &I v01= 7 .q, f(r) */;p J(r) dr. w;) 
rm rm 

It is also possible to define Hz oeIL “et for cells with non- 
sector-shaped centerpieces, but this matter will rtut be 
pursued further in this paper. 

To apply the Ahxight and W~~~~~s [I%%] method to 
cells with n~nsect~r-shaped centerpieces, one plots 
(<lc,) $A (&/d$) & vs h [see eq. (4O)f at constant 
co tu obtain .@v “&nn from the limiting slopes of these 
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plots. Similarly, one could plot the ratio of the two 
integrals in eq. (42) vs 2,4 at constant co and obtain 
I@ from the limiting slopes of these plots. Values 
ofY#E_&n are then plotted against c,., to obtain 
l/Mw. s % intercept and BLS as the slope. A similar 
reciprocal plot using 1 j~%c app has I& as the inter- 
cept. lt is not clear at present how to develop methods 
similar to the two Fujita mathods [15,16] for evalua- 
ting B’ ot B * [see eqs. (26) and (30)] for cells with 
nonsector-shaped centerpieces from experiments at 
two or three speeds. 

Since there are various ways of averaging Mwr 

(or JQ 

ap 
in ideal, dilute solutions) over the cell to o E- 

tain ilfu 
to cells?% fi 

(or M_,), one can apply eqs. (18) or (22) 
nonsector-shaped centerpieces. For these 

centerpieces eqs. (18) and (22) do not give Mw cd, 

“w cell t-019 or their apparent values at real speeds; 
however, in the limit of zero speed the equations will 
converge to M$w =np (or to Mw in ideal, dilute solutions). 
The advantage of using these equations in their simplic- 
ity; they are much easier to use than are eqs. (40) or 
(46), as they are evaluated by numerical integration. 
It is much easier to calculate Qc/co than it is to calcu- 
late (-llco) Ik(dc/d$)dx. We have tried the Albright 
and Williams 1181 method with cells having nonsector- 
shaped centerpieces using &flw app obtained by four 
methods [eqs. (la), (22), (40) and (46)l. Some results 
are shown in fig. 4. 

4. Molecular weight distributions from 
ultracentrifugation 

4.1. Correction of sedimenrution equilibrium data 
for nonideal behmior 

The theory for obtaining MWDs from sedimenta- 
tion equilibrium experiments is described in detail 
elsewhere [4b,5,6b,7- 13,24-261. 

Here we indicate brkfly how we corrected sedi- 
mentation equilibrium data, since this is the heart of 
our methods. We have used the same assumptions that 
Osterhoudt and Williams [ 181 and that Albright and 
Williams [ 191 have used for nonassociating, polymeric 
solutes in nonideal solutions to obtain the basic sedi- 
mentation equilibrium equation - see appendix A. I. 
Our starting equation is eq. (A-8) in the appendix, 
which can be rearranged to give 

The quantity CB&>, is defined by eq. (A.7). The prob- 
lem in sedimentation equilibrium experiments is how 
to evaluate the nonideal term, (B&>,_ If we can make 

an estimate of (B&k),, then we can estimate 
[d In c/d(r2)id] or [dc/d(rr2)] id- First note that 

1 I -=-- 
*fwr Mwrapp 

- GI&c 

(48) 

Here lciw, app is defined by 

1 dlnc -1 dlnc --= -_-_-==f 
hdu A dE wr app - 

To obtain [dc/d(r’)] id one notes that 

1 I ~ = 
%dJfwr c. Itf Id wrapp 

The subscript id refers to the values of de/d(?), cr or 
d In c/d(?) after correction for nonideal behavior. 

There are basically four ways to estimate (B;k),. 
Since we have shown in eq. (A-9) of the appendix 
that lim,_o @&,>, = BLS, so as a first approximation 
we assume that 

U&) WLS_ 
r (50) 

If all the B& for the polymeric solutes were the same, 
this first assumption would be correct. The light scat- 
tering second virial coefficient can be obtained from 
the Albright and Williams [ 18 ] method or from the 
modilications to the Fujita methods which we sug- 
gested in the previous section [see eqs. (27) and (32)]. 
This first assumption neglects the effect of solute redis- 
tribution, due to the centrifugal field, on the nonideal 
term, (B;k),. A second approximation makes an attempt 
to overcome this deficiency by assuming that 



(Bi’k) ==B’ 
J- 

= B&l + ac’h2) = B,, f d2, (51) 

which is the same as eq. (27). In the discussion foltow- 
ing eq. (32) we have shown how B’ and a~ (or a~‘) could 
be evaluated; fig. .S and 6 show the plots required for 
the evaluation of these quantities. In tabIe 4 we have 
also shown values of B, and ar obtained from sedi- 
mentation equilibrium experiments at two different 
speeds. 

These values of (Cr/cm)id or (Cr/cb)id are then inser- 
ted into the appropriate conservation of mass equa- 
tions, which depend on the shape of the centerpiece, 
to obtain (cm)id or (c&. For a sector-shaped center- 
piece the following relations apply: 

The third approximation is to assume that 

We have shown in the preceeding section [see the dis- 
cussion following eq. (32), as web as figs. 5 and 61 
how fi (or 0’) can be evaluated. 

The fourth approximation to the evaluation of 
(6&)r is to assume that the G&jr could be replaced 
by its value at a radial position where u = l/2 or where 
c = T (i? = [cr, + c, ] 12). The value of (B& can be 
estimated using the eq. (A.3 l), if NM, < 251 and _ _ - 

For a nonsector-shaped centerpiece the conservation 
of mass equations are 

Mz+l < 2n; for the case where u = l/2, r = d$-(jbr&), 
and U&),=,,, is approximated by (see appendix A-5) 
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dct, 

j(~)ti_ 
0 

(57) 

dr (58) 

when RM, < 2~ and iwfr, L < 2n. We have shown in 
the preceeding section how (Y’ and Jfz can be evaluated; 

%+t would have to be estimated from the MWD cal- 
culated by one of the preceeding methods. 

In order to use Donnelly’s [24,25] method or one 
form of Scholte’s 126-281 method, it is necessary to 
have an estimate of cid (cut = cr ideal). This estimate is 
obtained from the conservation of mass equation when 
refractometric optics are used. First it is necessary to 
obtain vahres of [c,./c,] id or [c&] id from the rela- 
tions 

d(G), (54) 

or 

W-JC&d = i (?g)id d@?- (55) 

where x is defined by eq. (4 1). Once values of (cr)id, 

(dCI&)id and (d In C/d(r2)), are available, then we 
can use any method based on ideal, diiute solutions 
to evahrate the MWD. 

At the higher speeds required by Scholte’s [26-281 
methods, we may not be able to obtain values of dc/dr 
or c, near the bottom of the cell, so we will have to 
make an estimate of (c,)id in order to obtain 
(dc/d(r”))id [see eq. (49)] _ This can be done by plot- 
ting in (cm)id vs 11 (obtained at lower speeds) and 
estimating the value of c, at the higher speeds from 
the trend of this plot. Alternatively, if the MWD be 
unimodal, thenfiltl) can be estimated by Donnelly’s 
[24,25] method, and cm (or any other (Cr)id) could 
be estimated from the appropriate equations for the 
concentration distributions at sedimentation equili- 
brium [see eqs. (63), (76), (78) or (92)]. 
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4.2. MWDs by Donnelly ‘s method 

Donnelly 124,251 showed that the equation for the 
concentration distribution at sedimentation equilibrium 
could be converted into a Laplace transform_ If an ana- 
lytical expression for this transform can be found, then 
the MWD can be obtained from the inverse of the Lap- 
lace transform. Since the concentration and concentra- 
tion gradient equations depend on the shape of the 
centerpieces, we will consider the results obtained from 
experkents using each centerpiece separately. 

4.2.1. Sector-shaped centerpieces 

For sector-shaped centerpieces Donnelly [24,25] 
showed that if the following substitutions are made; 

t=AM, (60) 

E = (rt - ?)[(rz - rff) = s, (61) 

and 

O(f) = 
AM f(MJ 

1 - exp (-AM) (42) 

then the concentration distribution, e(t) = cr/cO, 
could be converted to a Laplace transform_ In the 
equations to follow 0(E) will be used with corrected 
and uncorrected data so that the differences between 
ideal and nonideal conditions can be illustrated. Thus 

a 

6 

4 

2 

03 
0 2 4 6 .8 

l.l 

Fig. 8. Plots of F01.u) vs u. These plots, based on data cokc- 
ted at 6000 RPM, are required for the evaluation of MWDs by 
Donnelly’s method [24,25]_ (a) No-tar-shaped centerpiece. 
Lot 7981. Upper plot: No correction for nonideality. Lower 
plot: Thii plot is based on data corrected for nonideality by 
Ifetbod I Isee eq. (5O)j. (b) Sector-shaped centerpiece. Lot 
693. Upper ptot: No correction for nonideality. Lower plot: 
Corrected for nonideal behavior by h¶etbod I (Q) and by 
htethod II (Q). The line drawn through these points is the line. 
of regression for the data corrected by hletbod I. Values of P 
and Q obtained by various methods for correcting for nonideA 
behavior are listed in table 5. 

= I d(t) e-= dt = L {ql(t)). (631 
0 

Here L {Q(t)) is the Laplace transform of Q(r). In order 
to use rhe Laplace transform method we must use the 
experimental data to obtain an analytical expression 
for L (Q(r)). The first step is to make a plot of FW) 
vs u. Here 

F(u,u) = 1 /(d In c/d(?)) = b/(d In c/du), 

b=(< -Q, 

and 

(64) 

(665) 

zf=(;!-r2,)/(+‘--_“)=1-f= l-s_ (66) 

Fig. 8 shows plots of F(~,K) vs u for uncorrected and 
corrected data. The effect of various methods of cor- 
rection is shown in this figure. It can be shown that 
[7,24,25] 

= f(u) = f(s) = L c4w. 
Here, 

l/K = A[C(U = 0)/c,] 

(67) 

(68) 
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VahW of P and Q required by Donneil~‘s mcthad for MWD 

Speed 

--- 

R Lor 75X1 
1. Nonsector-shaped centerpiece 

4400 RPM 6000 RPM 8000 RPM la000 RPM 

P Q P Q P Q P Q - ~~_~_~-~~~.~~~~__~~~ .____ __. ._____ 

Nonideal 
Corrected for nonideality by 
method I [eq- (SO)1 

2. Sector-shaped centerpiece 

Nonideal 
Corrected for nonide&ty by 
method I [eq. (SO)1 

B. Lor 693 
Sector&aped centerpiece 0nIy 

Nanideal 
Corrected for nonideality by 
method I [eq. <SO)] 
Method11 [eq.(Sl)] 
Method III [eq. (52)j 
,Metiiod iV [eq. (5311 
MetisodV~eq.~k31~1 

12.474 0.870 

9.863 1.708 

13.480 0.187 

8.909 1.166 

13593 I-087 7.523 0.864 

10.229 2.552 6.071 2.335 
10.218 1557 6.055 2351 
LO.225 2.554 6.065 2.340 
9,998 2653 5.651 2.759 
10.607 2.387 6.507 f-893 

6.668 0.299 3.928 

5.468 1.142 3.438 

0.340 

1.197 

7-403 0.161 4.071 0.421 

5.265 1.191 3-170 0.925 

4.518 0.644 3.180 0.642 

4.020 2.068 3.085 1.963 
4.002 2.117 3.077 2.076 
4.014 2.084 3.082 2.001 

~_____ __-___ __-__-.. _ __~___ _-__---_-____ _- 

For the plots shown in fig. 8 we obtained the following 
equation for F(Pz, u): 

F(n,u)=P- Qu. (69) 

Here -Q is the slope and P is the intercept of these 
plots; the values of P and Q obtained from these plots 
are listed in table 5. When F(n, U) = P - Qu, it has been 
shown that [7,24,25] 

170) 

where 

n=b/Q (71) 

and 

a=(.fQ)- 1. (721 

Donnelly [?,24,25] showed that the inverse of this 
Laplace transform was 

_- - .^. -- 

(73) 

Here l?(b/Q) is the gamma function of bfQ. Once (is(t) 
is krmwn,f(M) can be obtained for these experiments; 
f(M) is given by 

Fig. 9a and 9b show plots off(M) vs M that we ob- 
tained at different speeds from these experiments using 
uncorrected data. tn these figures we have also displayed 
the results obtained by the manufacturer (dashed line), 
who provided info~atio~ sheets showing the MWD 
they obtained using analytical gel chromatography and 
light scattering. Note how the MWDs obtained from un- 
corrected plots of F(n,rc) vs u (see fig. 8) differ from 
the manufacturer’s (Pharmacia Fine Chemicalsj MWDs. 
The correction for nonideality using the first method 
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Q 4400 rrJm 
c 6000 rrJm 
* 8000 wn 
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-*- rmnutacturec’s MWD 
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Fi& 9. Uncorrected different&i MWDs at varkxis speeds. DonneLly’s method I24,25). Sector-shaped cente~@=s. The values of 
f@f) vs M shown here for different speeds from uncorrected plots of F(n,u) vs u <see fig 8b). The mmufrictwer’s hZWD. obtained 
TV anaIyt.icaJ gel chromatography and light scatterin,, - is indicated by the dashed curwe. Note the difference between the manufac- 
turer’s MWD and the uncorrected MWDs, (a) Lot 693. (b) Lot 7981. 

[see eqs. (48) and (5O)j gives quite a dramatic change. 
This is evident in figs. 10a and lob, where the correc- 
ted MWDs for experiments at various speeds are plot- 
ted along with the manufacturer’s MWD (dashed line). 
Here our MWDs give good agreement with the manu- 
facturer’s MWD. Fig. 10a (lot 693) indicates very little, 
if any, speed effect after correction for Bu; on the 
other hand fig. 1Ob shows that there is still a slight 
speed efFect with lot 7981 rafter correction for BLS, 
It is quite evident from figs. 8-10 that the plots of 
f(A4) vs Xi are quite sensitive to the plots of F(n .u) 
vs u. 

ff alI the Bik were equal, the first model for non- 
ideal behavior would be correct, and there would be 
no difference in the corrected bawds at different 

speeds. Furthermore, the values of 1cfn, && and Icf, 
calculated from the MWD should give goad agreement 
with the independently determined values of these 
quantities. The results of the application of the second 
and third methods for nonideal correction to the MWD 
for the dextran lot 693 are shown in figs. 1 la and 1 lb, 
respectively; results at various speeds are displayed in 
these figures. We have not displayed any plots show- 
ing the MWDs obtained using the estimated values for 
G3& at u = l/2 or at the radial position for which c 
= IT, since these methods for nonideal correction are 
restricted to lower speeds (8000 RPM or less for these 
dextrans). 
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Fig. 10. BWDs by Donnelly’s method [24,251 using data corrected for nonideafity by Method I [see eq. (SO)]. Sector-shaped 
centerpiece Results at several speeds are shown here along with the manufactures’s hWfD <d&hed line). (3) Lot 693. (b) Lot 7931. 

4.2.2. Nonsecior-shaped centerpieces 

If one makes the following substitutions 

r=AM, 

6 = s, 

and 

(60) 

(61) 

(75) 

then the concentration distribution, e(E) = c,/cu, at 
sedimentation equilibrium for a nonassociating, poly- 
meric solute can be converted into a Laplace trans- 
form, L{r(r)). Thus, 

= _r r(t) ewsT dt = L{dr)). (76) 
0 

Here x is an analog of g, and it is defied by eq. (4 1). 
In order to obtain an analytical expression for L{+y(t)} 

it is necessary to make a plot of F(n, u) vs u. The cir- 
cumflex, -, in eq. (76) indicates that we are dealing 
with a nonsector-shaped centerpiece. For nonsector- 
shaped cells we used the first approximation only, 
i.e., U&jr = B,S, since it is unclear at present how to 
obtain the other quantities needed to include a speed 
effect with these centerpieces. in our experiments the 
corrected and uncorrected plots of F(n,u) vs u had an 
equation of the form 
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Fig. 11. MWDs by Donnelly’s method [24,25] using data corrected for nonideality. Sector-shaped cesterpieces. (a) Corrected by 
Method II [see eq. (5 l)]. (b; Corrected by Method III [see eq. (52)j. Results for lot 693 at several speeds are shown along with 
the manufacturer’s MWD (dashed line). 

which is the same type of equation obtained with sec- 
tor-shaped centerpieces. The plots of F(n,u) vs u for 
this centerpiece are displayed in fig. 8 also. The values 
of P artd Q obtained in these experiments are also listed 
in table 5. The Laplace transform is the same as we ob- 
tamed wirh sector-shaped centerpieces [see eq. (70)]. 
Hence the MWD is given by [7] 

f(W = ( j [exp (-AW k) ~0) 
0 

(77) 

Corrected and uncorrected plots of f(M) vs M are 
shown in fig. 12. The results are quire similar to those 
obtained with sector-shaped centerpieces. These ex- 
periments were carried out with the dextran T-70 
lot 798 1. Correction for nonideality, using BLS [see 
eq. (50)], gives good agreement with the manufacturer’s 
MWD, whereas the uncorrected plot does not resemble 
the other two plots. 

4.3. MW! by ScFtolre’s method 

4.3. I. Sector-shuped ten terpieces 
For these centerpieces the concentration and the 

concentration gradient distribution< can be expressed 
as [26--281 

,(&= c 
lvMifi exp (-MjE) 

co i 1 - exp (-A4Ifi) ’ (78) 
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Fig. 12. MWDs by Donnelly’s method [X,25]. Nonsector-shaped centerpieces. Lot 7981. (a) MWDs obtair.ed at various speeds 
using uncorrected plots of F(n,u) vs u (see fin 8a). (b) MWDs obtained at various speeds using data corrected for nonideal be- 
havior by hfethod I [see eq. (SO)]. Note the pronounced difference between figs 12a and 12b. 

Here a discrete distribution is used instead of a contin- 
uous distribution required by Donnelly’s method 124, 
251. Scholte expressed U(A,e) as an array of linear 
equations of the type 

(W 

Kij = 
Ai2Mi2 exp (- Aj Mi 0 

1 - exp (- Api) ’ (81) 

and 

The quantity 6i is a measure of the experimental error. 
Sedimentation equilibrium experiments on the same 
solution are performed at different speeds so that an 

array of r/(&Q can be set up and solved for the fi, 
the weight fraction of component i_ The subscript i 
indicates that A [defined by eq_ (19)] depends _on 
speed; the subscript i indicates that the variable is in- 
dependent of speed. 

in order to solve for thefi one first sets up a table 
of U(A,e)i at five radial positions (if possible) - at 
g = 1 (the air-sotution meniscus), 5 = 314, $ = l/2, 
.$ = l/4 and .$ = 0 (the radial position of the cell bottom) - 
for each value of Aj. Table 2 of ref. [27] shows how a 
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data table for Scholte’s method is set up. At higher 
speeds (higher values of A) it may not be possible to 
obtain values of iI at E = 0 and E = l/4, so these 
spaces are left blank in the data table. The next step 
is to assume a series or grid of molecular weights, Mi, 
that covers the range of molecular weights in the 
polymer sample. Scholte 126-281 showed that for 
best results the intervaI between the successive1Cli 
should be logarithmic; usually Mj = Urii, although the 
logarithmic interval can be between I.8 and 2.5. In 
this work we used Mj = 2Mi. Once a first series of 
molecular weights is chosen, one solves for thef’by 
Iiear programming. This method is nicely set up for 
linear programming, since (1) the sum of all weight 
fractions must be one (E& = l), (2) only positive 
numbers are involved (for any fi, 0 Gfi- f 1) so that 
we have a set of linear equations with no negative 
values, and (3) the choice off’ not only satisfies con- 
dition 2, but it must also lead to ~~ISji being a mini- 
inum. 

The first series is not unique; other choices of &fi 
could also be used. With good experimental data four 
series Of Eli can be used. The second series of Mi is 
chosen by multiplying each hfr in the first series by 
2rla_ For the third series one multiplies the first series 
by JV~ by 2r/*, and for the fourth series Of Mi the mul- 
tiplier is 23i4. For each series of bfi an array of U(A,,!$ 
is constructed, and one solves for thefi by linear pro- 
gramming. One can construct a tabIe of& and Mi for 
each series [26-28]_ 

ItI order to obtain the MWD one notes that 

Ff;: (any one series) = 1. 

For the four series oiMi 

Cf;: (ail four series) = 4, 
i 

and 

(83) 

W) 

C cf;,l4) (all four series) = l_ 
i 

(85) 

With a continuous MWDfi is replaced by f(Jl) dM, 
and 

cc= JI(M)~f=L. (86) 
i 

0 

This integral can also be written as 

If the second integral in eq. (87) is evaluated numerically, 
one notes that 

When the data for ail four series are combined, it fol- 
lows that 

A In M = In &fj - In fifi = In (2114) = O-69314. (89) 

One also notes that 

c [&f_!-(nr)] i = 410.693. 
i 

(90) 

Because of eqs. (89) and (90), it follows that 

Pf f(M)1 i =f;:/o-693, (91) 

when data for all four series are used. This procedure 
has been followed, and the results are shown in fig. 13. 
Both corrected [usin the first method for nonideal cor- 
rection - see eq. (50)) and uncorrected results are 
shown for lot 693 in this figure. Some results we ob- 
tained with lot 798 I are shown in fig. 4 of the prelim- 
inary communication [ 11 _ Because of the high speeds 
required by Scholte’s method [26-281, we have re- 
stricted our nonideal corrections to the first model 
only. The results sbown in fig. 13 are based on data 
obtained at three speeds. Although experiments have 
been performed at seven speeds, we have not been 
able to obtain good results when all speeds were in- 
cluded. 

4.3.2. Nonsecror-shaped centerpieces 
With these centerpieces the concentration and COR- 

centration gradient distribution becomes [7] 

and 

(92) 



Fig. t3. MWLk by Schofte’s method [2f.G-Z23l, Sector-shaped 
centerpieces. Lot 693. Both corrected @y Method r) and un- 
corrected MHrDs are shown here &on& with the mzinufacturefs 
MWD (dashed tine}. 

Here x is the analog of g for a nonsector-shaped center- 
piece; it is defied by eq. (4 I). The analog of eq. (79) 
is 

&gain a series or&& are chosen using the procedures 
described previously, and the fi for each series are ob- 

Fig. 14. MWDs by Scholte’s method [26-X$]_ Nonscctor- 
sfiaped centerpiece, Lot 7981. Both corrected (by Method I 
only) and uncorrected MWDs are shown along with the manu- 
f&user’s MWD (dshed line). 

tained by linear progtamm~g. A data table of V(A, $) 
for different choices of _$ and J\ is set up in the same 
manner as for sector-shaped centerpieces (see table 2 
of ref. [271). Fig. 14 shows our results using corrected 
(using the first approximation only) and uncorrected 
data; the manufacturer’~ MWD is shown here fso. These 
results were obtained with Lot 798 Z. 

Since the weight average sedimentation coefficient, 
ST,, was determined from the second moment of the 
moving boundary curve, using Webber’s [52] method, 
the same expetimental data can aiso be used to evaluate 
@(s& the differential distribution of sedimentation co- 
efficients, If a relationship of the type SO = K&f$ is 
available, then it is a simple matter to transform g”(soj 
to f(M). Here we have followed procedures developed 
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by Baldwin and Williams [5,6c,23,36,37,57-601; the 
procedures required for obtaining g9(so) from sedi- 
mentation velocity experiments have been quite ele- 
gantty described by Williams [38] in his recent mono- 

graph. 
In order to obtain 8(so) it is first necessary TV de- 

fme an apparent differentia1 distribution of sedimen- 
tation coefficients, g*(s), since both sedimentation 
and diffusion occur in the moving boundary. Here 
g*(s) is def‘lned by [5,&,23,36,37,57--60] 

g*(s)=-Jg ($Jt. (996) 

For each value of g*(s)\we calculate an apparent value 
of s; this is done for each frame on the photographic 
plates. The apparent s v&es are obtained from the 
relation 

s = In (rlr,)/w2r. (97) 

The next step is to eliminate the effect of diffusion. 
Since the vaIues of g*(s) and its corresponding x will 
be different at different times, we choose a set of dif- 
ferent values of s and find the g*(s) corresponding to 
it at various times. These values ofg*(s) are plotted 
against l/t to infinite time (l/r = 0) t3 remove the ef- 
fects of diffusion. This must be done for each initial 
concentration, co, used in these experiments. The 

values of g*(s) at l/t = 0 are denoted by go(s). 
fn order to complete the analysis it is necessary to 

eliminate the concentration dependence of s and ob- 
tain the values of s at infinite dilution; these values of 
s are denoted as SO. The concentration dependence of 
s can be represented by f6,60] 

s=s()j(l +ksco) (98) 

A plot of l/s vs co wih have l/so as an intercept and 
$/so as a slope; ks is the concentration dependence 
parameter of the sedimentation coefficient. Finally 
each g*(s)/g~,(s) is multiplied by g:,(s) to give 
go(s). These values of go(s) are plotted against so to 
obtain the true g”(so) vs so curve. Several values of 
go(;) vs s are plotted in fig. 15a; the curve we have 
marked co = 0 is the true &so) curve. 

In order to convert g”(sO) toi it is necessary to 
have a relation of the type 

s o =KM& (99) 

Here we used data from Granath’s [39] paper to ob- 
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Fig. 1.5. Distribution of sedimentation coefficients. Lot 7981. 
(a) Differential distribution. Here values ofgO at infinite 
time are plotted against Jo. the initial concentration in fringes. 
The curve labelled J,J = 0 is the true differential distribution of 
sedimentation coefficients. since the concentration dependence 
of the sedimentation coefficient has been eliminated. @) In- 
tegral dktributian. This curve is obtained by numeticsl inte- 

gation of the plot ofgo vs so (the plot in fig. 15a Iabelled 
1, = 0). 

tain the required relation. Granath [39] has published 
data relatings and [o] to M, for dextrans produced 
by two strains of Leuconostoc mesenteroides. Our 
material was obtained from strain B5 12; some of 
Granath’s material was obtained from this same strain. 
The valuss of K and (Y used here were K = 2.24 X IO- ~5 
and (11 = 0.46. These values were obtained by a least 
squares analysis of Granath’s data. Fig. 16 shows the 

MWD obtained from the plot of $(so) vs so. The manu- 
facturer’s MWD for lot 693 is shown by the curve with 
the solid Iine. Our plot indicates that a unimodal distri- 
bution is present, but our plot does not agree with the 
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Fis 16. MWD from sedimentation velocity experiments. Lot 
7981. Ikeg&-,) curve (see the plot labelled Jo = 0 in fig. 15) 
can be converted to a differential MWD,.f@O. curve, if 3 rela- 
tion s = K&P exists, Using values of EC and a obtained from 
GraxMh’s 1391 work, we were able to obtain these plots of 
the differential. f(S), and inteal, F(H). MWCk Tbe manu- 
facturer’s differential and integral hlWDs (dzshed line) se aIs0 
shown here. 

m~ufacturer’s hP#D or the MWDs obtained from 
sedimentation equilibrium experiments_ A plot of the 
integral distribution of sedimentation coefficients, 
G(Q), is also shown in fig. 15b; here 

5. i&xssion 

We have reported here on various physical studies. 
mainiy ultracentrifugal, on some dextran solutions. The 
values of M,, Ici, azd M= have been obtained indepen- 
dent of any knowledge of the &¶WD. These quantities 
can be used to help check the hfwDs obtained by ultra- 
~ent~fu~~on, since the experimental values of&&M, 

and Mz can be compared with the corr~~onding 
values calculated from the MWfl_ This is not a perfect 
check, since there may be several distributions which 
can have the same values of bf,,, IV,+. and bf= [5&a] ; 
nevertheless, it is conforting to have available a Iimited 
check on the calculations. 

Lt is ~teresting to note the excellent agreement be- 
tween our values of M,, and M_, with those reported 
by the manufacturer, especially since different experi- 
mental methods were used in each case. For JV,., we 
used membrane osmometry, whereas the manufacturer 
used end group analysis f20,39] _ Our values of &, 
were; obtained from intrinsic viscosity, sedimentation 
velocity and sedimentation elquilibrium experiments: 
the manufacturer used light scattering to obtain I%fW 
[20,39]. The agreement between the values ofhi, ob- 
tained by sedimentation equilibrium experiments and 
the light scattering experiments is remarkable. The 
values of&f= obtained from fs] and stv are in good 
agreement with the vaiues from fight scattering and 
from sedimentation equilibrium experiments. However, 
it should be noted that the values of [vi are the same 
for both batches of dextran, which would imply that 
both batches of dextran would have the same &f,V, Yet 
the vaiues of itr, obtained by the light scattering and 
the sedimentation equilibrium experiments for each 
batch are different. Thus it appears that these methods 
are mare sensitive than is [ri] for measurement of&f,. 
We have shown 171 that in the limit as A + 0 the values 
of iti w app calculated from eqs. (18) or (24) converge to 

&CV app. The plots in fig. 5 and the values of MIv and 
BLs reported in table 2 clearly support this observa- 
tion. This is one advantage that the sedimentation equi- 
librium experiments at different speeds have - that 
there are at least two ways to obtain Jfl and to use! 
it to obtain JV,~ and BtS. Each methodT%‘serve as an 
internal check on the other method. This is an advan- 
tage that is unique to she ultracentrifuge, and it is a 
point overlooked in previous experimental studies [ f 8, 
191 with nonideal solutions of nonassociating macroma- 
Iecules. It is also possible to obtain fifz by at least two 
different methods &ee eqs. (34) and (35)f using 
ilf= cetl qpp or d& ceEL va, app, since in the iiit of zero 
speed these quantities converge to 1te IIpp. A plot of 

IlbC 

P 

vs c,, has l/M’ as an intercept and BSZ as a 
slope s& eq. (36)]. The value of if_, reported in 
table 2 is based on eq. (34) only. 

We have shown that the Nbright and Williams 



232 P.1 Wan, E-T. Adams. ~r.r.lUltrucent~.rugQtion of nonideal mIutiom 

method [ 1 S] can be applied to cells with nonsector- 
shaped centerpieces; data obtained with these center- 
pieces are displayed in figs. 3,4, and 5. It has been 
demonstrated that hflw ;lpp can be obtained by four 
methods [from values of Jf$$ spp obtained from the 
values ofi%f, app calculated from eqs. (18), (22), (40) 
and (46)]. The agreement between the plots of l/A$ app 
vs co (see fig. 4) for various methods and the values of 
M, and B,, obtained with both centerpieces is quite 
good (see table 2). For nonsector-shaped centerpieces 
the values of 1@“, app (or l/ILpw app) obtained by the ap- 
plication of eqs. (18) or (22) agree quite well with the 
values of Icfl$ app (or I/&$ aPP) obtained from experi- 
ments in which sector-shaped centerpieces were used. 
The values of fiI$ app for nonsector-shaped center- 
pieces obtained from the use of eqs. (40) or (46) did 
not give as good agreement with the vaIues of &i$$ spp 
using sector-shaped centerpieces. 

Thz best way to obtain Al, in nonideal solutions 

from sedimentation equgibrium experiments is to use 
the Albright and WiflIams method [ 181, but it is also 
the most tedious method_ Its virtue is that it provides 

a way out of the difficulties produced by the redistribu- 
tion of the polymeric components in a centrifugal field. 
It also has the advantage that the same experimental 
data can be used to obtain MWDs in addition to the 
values of&, lzfz and BLs; we have shown the MWDs 
obtained from these experimental data in section four. 
We have shown some aspects of the two Fujita methods 
[ 15,161 that allow the evaluation of B,, and also M, 

from a series of sedimentation equilibrium experiments 
at two different speeds, if the speeds are low enough. 
For the applica!ion of the first [ 151 method [see eqs. 
(26) and (27)] it was found experimentally that if one 
plotted l/(Ac/c,) vs co at constant A, then straight 
tine plots, like those shown in fig. 3, were usually ob- 
-tained. The limiting slope of the plots in fig. 3 is B’jA. 
Plots based on the second Fujita method [ 161 are 
shown in fig. 5; the limiting slope of the plots of l/ 
(At/co) vs C at constant A is B*/A. The results ob- 
tained by these. modifications of the two Fujita meth- 
ods show excellent agreement with the values of BLs 

and &, (see table 4) obtained by more thorough ex- 
periments. Attempts to evaluate a or 0, the speed- 
dependent terms of the sedimentation equilibrium 
second virial coefficients (the B’ or B*), by these 
methods gave variable results (see table 4). The main 
disadvantage of the Fujita method is to fmd a low 

enough speed for the particular polymer sample being 
studied. For an unknown material this is a trial and er- 
ror procedure. It is clear from this work (see table 4) 
that at higher speeds the complications from solute 
redistribution set in. It is possible to obtain the speed- 
dependent terms of the B’ or B’. First B’ or B* are 

evaluated from the limiting slopes of plots B’ or B* 
vs F (for B*). Then one plots B’ or B* vs A’. The 
slope of this plot is crB,s when B’ is used and @3,. 
when B’ is used. Fig. 6 shows such plots; linear regres- 
sion analysis was used to obtain the straight lines through 
the experimental points. The dashed line indicates the 
value of the slope predicted for the B’ plot using the 
Fujita [IS] assumption that all the Bik are equal The 
values of B,,, C-Y and fi obtained from these plots are 
listed in table 2. It is evident from the plots shown in 
fig. 6 that all the Bii are not the same for all the poly- 
meric solutes. This was also evident from the fact that 
there was a speed effect (see fig. 10) in the MWD of 

lot 798 1, obtained by Donnelly’s method, when eq. (50) 
was used to correct the data for nonideality. 

The advantage of using a moduIatable laser as a light 
source is that it allows one to perform several sedimen- 
tation equilibrium experiments in the same time that it 
takes to perform one run. With a four-hole rotor, it is 
possible to do 3 to 9 experiments, and with a six hole 
rotor it is possible to do 5 to 15 experiments. One hole 
must be reserved for the counterbalance; to do the lar- 
ger number of experiments a multichannel, equilibrium 

centerpiece must be used. Automatic plate readers have 
been developed [6 1,621 and are available commercially 
(from Gaertner Instruments, inc.). Not only will this 
take the tedium out of plate reading, but it should also 
allow for better precision, since one can take advantage 
of multiple scans and computer averaging. 

Experimentally, we have found Donnelly’s [7,24,25] 

method was easier to apply than was Scholte’s [7,26-28 
method. When corrections for nonideal behavior were ap 
plied, Donnelly’s method gave quite good agreement wid 
the manufacturer’s MWD (obtained by a combination of 
analytical gel chromatography and light scattering). If 
our first model for the nonideal correction [see eq. (SO)] 
were correct, then there would be no differences in the 
MWD obtained at various speeds, but fig. 10 showed 
that this was not the case. 

The first model [see eq. (5O)J that we used to cor- 
rect for nonideality is somewhat similar to a model pro- 
posed by Schulz [5,63] and by Wales, Bender, Williams 
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and Ewart [5,9]- They assumed that In yi (_Yi being 
the activity coefficient of solute component i) could 
be expressed as 

In _Yj = BI~fiC, 

where c = Zici. It was assumed that the quantity B 
did not depend on the molecular weight of the poly- 
mer, but that it did depend on the temperature and 
on the polymer-solvent system used. Thus B could be 
evaluated from the concentration dependence of OS- 

motic pressure or light scattering experiments. With 
this assumption it can be shown that 

1 L 
M 

=- + Bc. 
wr am Mwr 

At the time the:e assumptions were made, it was not 
realized that the osmotic pressure (BB,,) and light scat- 
tering (BE) second virial coefficients were different 

[6b,18]. For homogeneous, nonassociating solutes 

5s = 28,,, but as Albright and Williams [ 181 have 
pointed out, this relation does not necessarily apply 
for heterogeneous, nonassociating solutes. Our first 
model, which assumes <B;$r = BLs, would be exact 

when all the B$ are equal, and under these circum- 
stances it would become identical to the Schulz [63] 
and the Wales, Bender et al. [9] method. We have ap- 
proached our first assumption from a more recent 
point of view, since In yi is described by cq. (A-3) and 

eq. (A-9) shows that lim,,o 03;;~)~ = B,. 
It is evident from figs. 6,9 and 10, and also from 

table 2, that the BE term is the largest contribution 
to the nonideal behavior, since the speed-dependent 
terms, the CI and p, are much smaller in magnitude. It 
is tempting to use the manufacturer’s MWD as a stand- 
ard for comparison since Granath and her associates 
[20,39,40] did such careful, elegant work, yet one 
must remember that their MWDs are also subject to 
error- The fact that there is a G&t speed-dependence 
of the MWDs in fig. 10 suggests that an additional cor- 
rection is needed, but which correction, the second or 
third approximation [see eqs. (51) or (.52)], is better? 
Also, one must remember that 0: and 6 are limiting 
values, since they are obtained from the limiting slope 
of plots of B’ or B’ vs A2_ Additional speed-dependent 
terms have not been obtained, so as the speed increases 
rrh’ and /3RZ will become larger; thus the use of cu12 
and @I” appears to be restricted to experiments at 
lower speeds unless other (presently unavailable) com- 

pensatory speed-dependent terms are included. It is 
evident from fig. 11, which shows the effect of the 
second and_ third methods for nonideal correction at 
various speeds, that there are very small differences in 
the corrected MWDs. If we were able to obtain an MWD 
under ideal, dilute solution conditions, then we could 
make a comparison uf the ideal MWD and the correc- 
ted MWD. If this ideal MWD is unavailable, then the 
best that one can do is to compare independently de- 
termined values of various average molecular weights 

(M,,, M,v and MZ) with those calculated from the cor- 
rected MWDs. Table 6 shows values of M,, Jf,,, and 

MZ obtained at various speeds for the three methods 
of estimating U&I,; the results at 6000 RPM also in- 
clude values of M,, M,, and M, obtained for our esti- 
mates of U3$ at u = l/Z and at c = T. The v&es of 
Afn,Af,,, and MZ estimated from the manufacturer’s 
MWD are also shown in this table. it is apparent from 
this table that as the speed increases, the values ofM, 
and ML decrease, whereas the value of A&. tends to in- 
crease. It acts as if the MWD were sharpening and con- 
verging towards ~lf,~ _ Both the second and third methods 

for nonideal correction seem to give better overall agree- 
ment with the independently determined values ofAI,, 
Mw and Mz than do the other methods of nonideal cor- 
rections, with the second method having a slight edge. 
All methods for nonideal correction seem to work best 

at the lowest speed. 

Unfortunately, we did not obtain particularly good 
results with Scholte’s [7,26-281 method. When we 
tried to use the data obtained at seven speeds with lot 
693, we got peculiar results; sometimes we would get 
a spike in the MWD at very low molecular weights. Or?r 
speeds were chosen so that the values of J\ would differ 
by a factor of 2. Even so, with lot 693 we were only 
able to use three of the seven speeds to obtain a resem- 
blance to the unitnodal MWD encountered by other 
physical methods. Thus, this procedure gave only a 
few values off(M) andM, and this limited data (see 
fig. 13) only sugg,ests the trend of the MWD. One might 
be able to draw several MWDs through these data points. 
Fig. 14 shows results obtained with nonsector-shaped 
centerpieces with lot 798 1; four speeds were used here. 
While these data look somewhat better, we still encoun- 
tered a paucity of values off(M) and M. Fig. 4 of the 
preliminary communication [ I] shows results obtained 
with lot 798 I using sector- and non-sector-shaped center- 
pieces- Because of the higher speeds required by Scholte’s 
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Table 6 
Dextran T-70 Lot 653 

A. Values of *tin, ,Uw, .Sr, and ,Wz+x calculated from MWDs obtained by DonneUyly’s metbod (24.251 before and after coneetion 
for nonideal behavior 

Condition Speed 
(RPM) 

Mn x lo4 Mvv x 10” Mrx lo4 Ma,, x lo4 

No correction 4400 3.38 4.42 5.47 6.53 
6000 3.58 4.39 5.24 6.08 
8000 3.58 4.22 4.80 5.40 

10000 3.35 4.02 4.54 5.11 

Carrected by 
method I, eq. (SO) 4400 2.48 6.54 9.49 12.95 

6000 2.44 6.68 8.93 l2.14 
8000 2.21 6.68 7.98 10.81 

10000 1.83 6.93 7.47 10.21 

Corrccted by 
method II, eq. (51) 4400 2.48 6.55 9.51 12.98 

6000 2.42 6.72 8.99 12.24 
8000 2.16 6.64 8.15 Il.11 

10000 1.69 7.50 7.91 10.96 

Corrected by 
method DE, eq. (52) 4400 2.48 C.S5 9.49 t2.96 

6000 2.43 6.69 8.95 12-17 
8000 219 6.73 8.04 LO.91 

1OOOO 1.79 7.1L 7.6 1 10.4s 

Carrected by 
method IV, eq. (53) 4400 2.40 6.77 

6000 2.04 7.96 

Corrected by 
method V. eq. (A.3 11 4400 2.60 6.20 

6000 2.82 5.71 

B. Vahms of Mn, Mv,, Ma and Ma+r estimated from the Pharmacia MWD 

Lot 693 

AM, x ro4 3.96 
*rr, x IO” 6.75 
.cr, x lo4 10.6 1 
K?*i x lo4 14.22 

The unit for the average mokcular weights is the da&an_ 

9.88 
10.64 

8.88 
7.54 

---___- 

Lot 7981 

4.93 
7.18 
9.81 

12.74 

13.57 
14.86 

II.98 
9.83 

f26--283 method, only the first method for nonideal lecular weights for the first series or grid of molecular 
correction [see eq. (SO)] was used. It may be that weights influences the results considerably_ While the 
Scholte’s method is better suited for samples having a MWDs obtained with ~on~elly’s method or the MWD 
broader MWD. We have forrnd that the choice of mo- provided by the manufacturer suggest ffie molecular 



P.J. Wan. E. T. Adam. 3r.~Ulrracentrifu~atio~ of nonideal solutions 235 

weight range to be covered, there is no clear cut guide shown that these effects are negligible [65,66] _ The 
on how to choose the first series of motecular weights. discrepancy in the MWD could be due to the extra- 
Part of our difficulties with Scholte’s [26--281 method polation required by the method, or it couId be due 
may arise From the fact that we are dealing with non- to the choice of K and OL in eq. (99). Ideally, one 
ideal solutions, and it is more difficult to make a good should have had a series of dextran samples which had 
estimate of cid or [de/d(G)] id at the higher speeds been hydrolyzed from the same lot; since this was not 
used in Scholte’s [X&-28] method. Heretofore, his the case, we had to assume that the propertics of the 
method has been restricted to ideal, dilute solutions. dextran samples used by Granath 1391 applied to our 
Some similar difficulties with Scholte’s method have sample as well. With a slightly branched polymer like 
been encountered by Gehatia and Wiff (personal com- dextran, this assumption might be risky; however, 
munication); in fact this led them to develop their Scholte [X3] has noted differences in the MWD ob- 
own method for MWDs from sedimentation equilibrium tained by sedimentation velocity experiments and by 
experiments. other methods. 

For multimodal distributions Scholte’s [26--281 or 
the Cehatia and Wiff [31-361 methods are the meth- 
ods of choice. We elected to use Scholte’s [26-281 
method because we were more familiar with it and 
thought that we understood it better than we did the 
Gehatia and Wiff [3 i-361 method. Scholte [28] has 
shown that he can detect a trimodal blend of poly- 
styrene fractions dissolved in cyclohexane at 35*C by 

sedimentation velocity or sedimentation equilibrium 
experiments. The MWDs from the ultracentrifugal 

methods and from analytical gel chromatography on 
the same sample were trimodal. yet each MWD differed 
in shape from each other. 

For unimodal distributions Donnelly’s [24,25] meth- 
od is quite good. With a set of sedimentation equilibri- 
um experiments at two speeds, one can make an esti- 
mate of Brs (see table 4). fiIz can also be estimated 
from two sets of experiments_ With three speeds one 
should be able to get a fair estimate of oc and fl also. 

Three statistical distribution functions were used 
to examine the MWD of one dextran sample (lot 693). 
They are the Schulz, the logarithmic normal and the 
most probable distributions [6e,67]. The values of 
fir,., and hfw obtained from osmotic pressure and sedi- 
mentation equilibrium experiments (see table 2), res- 
pectively, were used to calculate the two parameters 

needed for these distributions. Fig. 17 shows the three 
differential MWDs together with the manufacturer’s 
MWD for lot 693. Apparently the Schulz distribution 

function describes the MWD of the dextran sample 
(lot 693) best. The virtue of Donnelly’s [24,X] or 
Scholte’s [26--281 methods is that one does not have 
to prejudge the MWD, whereas the application of a 
statistical distribution function only, like the functions 
mentioned above, implies that one has prejudged the 
distribution. 

The MWD from sedimentation velocity experiments 
also gave a unimodal MWD; however, this MWD did 
not agree as well with the manufacturer’s MWD as did 
the MWDs obtained from corrected sedimentation equili- 
brium data. This may be due to the fact that two extra- 
polations are required - one to infinite time to elimi- 
nate the effects of diffusion, and then a second extra- 
polation (using the data at infinite time) to zero con- 
centration to eliminate the concentration dependence 
of the sedimentation coefficient [5,37,381. With organic 
solvents an additional extrapolation to eliminate pres- 
sure effects is required [60,64], but the very small iso- 
thermaI compressibiiity of water means that this cor- 
rection is negligible. Attempts to measure pressure ef- 
fects on the partial specific volume of the solute or on 
its sedimentation coefficient in aqueous solutions have 

Since both dextran samples (lot + 798 1 and 693) 
covered about the same molecular weight range. but 
had differences in their MWDs, we wondered what 
would happen if we used the nonideal correction ob- 
tained with one batch to correct the sedimentation 
equilibrium data for the other batch? Thus we applied 
the BLs obtained from lot 7981 to the correction of 
sedimentation equilibrium data obtained with lot 693. 
The results using this first method for nonideal correc- 
tion are shown in fig. 18; corrected and uncorrected 
data are shown along with the manufacturer’s MWD 
(dashed line). This may have important practical con- 
siderations- It indicates that if careful studies are done 
on the MWD of a standard sample, the nonideal correc- 
tions can be applied to samples having a similar MWD 
so that a good estimate of the correct MWD can be 
made. This could be significant in the quality control 
of commercially important polymers or biopolymers. 
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1 I 1 I I 1 I 
.l 

0 5 1 ‘5 2 25 3 

bl Xlcl 
-5 

Fig. 17. Comparison of three statistical MWDs witi the manu- 
facturcr’s MWD. Lot 693. Values of Mn and Mw were used to 
cakulate the two parameters which are needed so that the 
Schulz. the log normal, and the most probable [6e,67] MWDs 
could be obtained. Only the differential hlWD is shown here. 
The Schulz distribution seems to describe the manufacturer’s 
MWD (ddashed line) best This was also true with lot 7981. 

Fig. 18 also indicates that any further nonideal correc- 
tion for lot 693, beyond the BLs for this lot, would be 
a very small correction. 

In conclusion we have shown how one can use sedi- 
mentation equilibrium experiments to evaluate the 
M,,, aFd & of a polymeric solute, as well as obtain 
various nonideal terms (S,, B,,, a, 0) from these ex- 
periments. These quantities can be used to correct sedi- 
mentation equilibrium data, so that a corrected or 
quasi-ideal MWD can be obtained. Several methods 
for correcting the nonideai behavior have been shown 
and the limitations of the various methods have been 
discussed. We have also shown that the data required 
for the evaluation of sw can also be used to obtain 
go(&), which can then be converted to a MWD. Both 

o 8000rpm 
0 6000rPm 
* 4400 rpm 

- manufacturer’s MWD 

--. 

DEXTRAN T70 
lot no 693 

0 

\ 
. e, 

.1 , 0 

0 5 1 1.5 2 2.5 
M x10-6 

Fig. 18. Corrected MWD for lot 69 3. Donnelly’s method [ 24, 
25 1. Sector-shaped centerpiece. Method I [see eq. (SO)] was 
used to correct the sedimentation equilibrium data, We used 
the value of BLS obtained with lot 7981 to correct the sedi- 
mentation equilibrium data obtained with lot 693. Note the 
good agreement with the manufacturer’s hIWD (dashed line). 
Aiso note the difference benveen this figure and fig. lOa. 

ultracentrifugal methods gave unimodal distributions, 
but the sedimentation equilibrium MWD gives better 
agreement with the manufacturer’s MWD. The theory 
for MWDs frcm sedimentation equilibrium experiments 
is more rigorous, but the experiments take much longer 

to perform than do sedimentation velocity experiments. 
The ideal way to correct sedimentation equilibrium ex- 
periments for nonideal behavior would be know or have 

an estimate of the values of (B& at each r(rm d r G r-& 
When we began &hese studies, this seemed to be a virtual 

impossibility, and we chose the first three methods to 
simulate (B&. Now it may be possible to make an 
estimate of the (B&1, at each r, provided the speed is 
low so that A.kfj < 27~. We can use methods developed 
for estimating UZ& (see appendix A-4) to develop ex- 



pressions for the (I&>, at various values of r; in ap 
pendix A.5 we have indicated how this might be done 
at u = 0, 112 and I_ Clearly, if this can be done, then 
we can make estimates of cBi;t>, at other values of u. 
At present it appears that these methods are liiited 
to low speeds (less than 8000 RPM for our expeci- 
merits) and sector-shaped centerpieces. It is not known 
now how many terms will be needed in the series ex- 
pansions of the @&+ or how critically we have to 
know values of A&, M,, 1, P and BSZ, or whether we 
will be able to estimate the additional higher terms 
that would appear in the numerator of the various 
equations for the @$,. The additional terms in the 
denominator of these equations can be estimated 
from a prior estimate of the MWD. We hope to report 
further on this matter aad also on other ways to ob- 
tain MWDs from sedimentation equilibrium experi- 
ments. 
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Appendix 

At constant temperature the basic sedimentation 
equilibrium equation for nonideal associating solutes 
is [6b,7,17,181 

- &WiCir = dCirldS: t ~~iCi, F (dCk,ld~) Bike (A-1) 

where for solute concentrations in g/Q 171 

. . The quantities Bik are nonided terms which are related 
to the activity coefficient,yj. of solute component i 
throc@t a relation of the type 

lnyi=itfi T Bikck- (A.31 

For simplicity we will drop the subscript T, so that ci, 
ck or will refer to concentrations at any radial posi- 
tion r(rm <r < rb)_ If we assume as others have done 
[7,I7, I8] that in the nonideal term in eq. (A- 1) that 

dc/JdG = --lUfkck, (A-4) 

then after the substitution of eq. (AA) into eq. (A-l), 

one obtains 

-.A%& = dcJdS: - ~k$i, T f3;k cgtfk . (A--% 

Summation over the i solute components Ieads to 

--f%&& = dcjde - Am;& (&r,,) . IA*6l 

Here, 

Equation (A.@ can be rearranged to give 

where 

(A-7) 

W.8) 

Eq. (A.6) or (A.8) are the basic sedimentation equilibri- 
um equations. 

A-2. Tk afzal@g of Fujira 3 f 96 9 merirod 

As A -+ 0, ci --f cy and ck + ci (the initial concen- 
trations of component i and k), so that 

4 = +a @=iork). 

This suggests that as a first approximation one might 
replace (B$>, by B,,. When this is done eq. (A.6) be- 
comes 
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Using the assumption in the nonideal terms that dc/dg 
* - AcMw,, one obtains 

(A.1 I) 

Let us define u = (? - r’ )/(J$ - r2 ). It follows that 
LL= 1 - g, since t = (4 -?‘>/(r’, -Ym); it also foliows 
that du,‘dE = - 1 and that dcJdE = - dcjdu. 

tic 
--+Bscbf 
du 

5.. 
wr du 

= -AcM”r. (A. 12) 

Eq. (A. 12) is an analog of Fujita’s [ I6J eq. (8). The 
only difference is that we use BLs and Fujita [ 161 
uses B. He assumes that all the B:k are the same for 
each polymeric component, whereas we avoid this 
assumption. If the Bg are all the same, then B = BLS_ 

Our eq. (A-12) can be used in the Fujita [16] prace- 
dure to obtain 

1 

b-r, ceII app 
=-!- +B*F, 

XV 
(A-13) 

where B’ = BLS (1 f A)_ Wren solute concentrations 
in g/Q are used, the values of B’ [ and also B’ - see eq. 
(28)] will be 1000 times smdler than their values would 
be if the solute concentration unit were gm/mI. 

A.3. Derivation of tile equations for Mz cell app and 

l/f’f.z ceil app 

Eq_ (A-6) can be rearranged to give 

rac,cfif 
Adu wr 3PP 

= cMwr - cc ci c&Mk B;k 
i k 

(A-14) 

The quantity M, app is defined by 

‘fzr app = d(cMWr app)/dc 

=Mzr - c&fiMkB;k (ck &idz)_(A_LS) 
i k 

If we assume in the nonideal term in eq. (A-15) that 

u = i or k), then eq. (A. 15) becomes 

Mzr apP 

cickMiMk Bi;, (Mi f Mk) 

OM, 
-. 

(A-17) 

The quantity hfz cell app is defied by 

Cb 

IM = 
ZCdlapP s % app d/i” dc. (A-18) 

=rn Cm 

In order to obtain an equation for Mz feIl ap , not only 
must one substitute eq. (A.16) into eq. (A.f5), but the 
following relations must also be used: 

dc=hc¶,,dU, 

=b 

AC= 
/ dc = AcoM, cell app’ 

=rn 

and it is assumed that ci 0’ = i or k) can be represented 

by 17,13,68] 

(A. 19) 

if bWZil < 2a. Here u = 1 - 5. Using these relations, 
eq. (A.1 8) becomes 

X exp [A (I\$ +hfk)] u du 

/(exe (AMi) - I) (exp (AM+ - I) _ 
I 

(A-20) 

If we use the Laurent series expansion for M$/[exp(AMJ) 
- l],thenweobtain 

AIwi 

exp (AMi) - 1 
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for IAMJ < 27~. If we also expand exp (ml) in its 
power scenes, and then multipIy this series and the 
Laurent series, we obtain 

fi?zcenapp =Mza?Il 

X Bz; (1 f& A2hGhfk +O(A4) i- .._) 

‘M,,_M2 ( c c fifkhfiMk (hif + Mk) 
wapp i k 

q; (1 +pi2) ) . (A-22) 

Here 7 is defmed by eq. (38). Now takethe reciprocal 
ofM 

=dapP 
to obtain 

1 1 
M 

c-f 
co II + &s + d2) c(jq&, 1 

rdaw Mz h&hf; 

X 
( 

p? f;fkh$%fk(b~i +Mk)B;k (1 f rA2) f .-. 
) 

“fi++BSzcO(I +@)+..__ (A-23) 
z 

A.4. EvaIuation of (B,& at S (sector-s/raped certter- 
piecej 

The quantity (B&l, is defined by eq. (A-7); in this 
equation cj = cj,. fi = i or k). The quantity P is defked 

by 

P=+(CbCCm)=* 1 c [+I = 0) f Ci(U = l)] = czj. 
i i 

(A-24) 

If we assume that the Bernoulli polynomial expansion 
of Cj [see eq. (A. 19)] can represent ci, and if we in- 
sert u = 0 and u = I in the appropriate series, then we 
obtain 

z..=c!(l+-LA=M? -I- ) 
I I 12 I ..- . w-w 

Now let the vaiue of &?ik>, at the radial position where 
c = C be denoted by U3&, then 

(A.26) 

sincec! =f-c (i=iork). 
The!den&$nator of eq. (A-26) can be written as 

hl; i- & 2h2 M;M&+l f _.. 

= M; (1 + $ h2hf#fz+1 f ___) (A-27) 

The numerator of eq. (A.26) can be written as 

Et& = & A ’ TT f;fkMiMk(M; W;, B;k f . . . 

(A.28) 

We do not know the value of F = ZiZkfifkhfiMk(M~ 
+M$L&, nor do we have a way to measure it directly. 
One can use eqs. (27) and (38) to show that 

24aBLShf; < F< 1 2BszMwht~_ 

Here 

Tq r;:r,Af;hf; (hfi f Mk) B$ = 1 2~BszMwM~ _ 

Thus we do know the range of values that F could have. 
The simplest procedure is to assume that 

Since this is the value that this fraction would have if 
all the Bi;, are equal. so, as a fkt approximation, it is 
assumed that 
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and hence 

We can use the procedures similar to thos employed 
in appendix A.4 to obtain estimates of the U?$,. at 
various radial positions. The results will be illustrated 
with three examples - the values of (Biklr at t( = 0, 
u = l/Z and tf = I_ In order to obtain these results we 
till have to assume that eq. (A-29) is valid and that 
eq. (A.1 4) can be used for estimating c@u). 

Atrc=O 

1-NM;i-&A2 (3&f; f 212zzMz,1) f . . . 

(A-33) 

Atu= 112 

cjQl = 112) = c; (1 - $ ny i- .__), 

and 

(A-34) 

Atu” 1 

(A-37) 

It should be emphasized that the series expansions in- 
volved in obtaining eqs. (A.33), (AS), and (A-37) are 
only vaiid for lhnr,j < 2a_ 
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